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Sum rules and energy scales in the high-temperature superconductor YBa2Cu3O6¿x
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The Ferrell-Glover-Tinkham~FGT! sum rule has been applied to the temperature dependence of the in-plane
optical conductivity of optimally doped YBa2Cu3O6.95 and underdoped YBa2Cu3O6.60. Within the accuracy of
the experiment, the sum rule is obeyed in both materials. However, the energy scalevc required to recover the
full strength of the superfluidrs in the two materials is dramatically different;vc.800 cm21 in the optimally
doped system~close to twice the maximum of the superconducting gap 2D0), but vc*5000 cm21 in the
underdoped system. In both materials, the normal-state scattering rate close to the critical temperature is small,
G,2D0, so that the materials are not in the dirty limit and the relevant energy scale forrs in a BCS material
should be twice the energy gap. The FGT sum rule in the optimally doped material suggests that the majority
of the spectral weight of the condensate comes from energies below 2D0, which is consistent with a BCS
material in which the condensate originates from a Fermi-liquid normal state. In the underdoped material the
larger energy scale may be a result of the non-Fermi-liquid nature of the normal state. The dramatically
different energy scales suggest that the nature of the normal state creates specific conditions for observing the
different aspects of what is presumably a central mechanism for superconductivity in these materials.

DOI: 10.1103/PhysRevB.69.024514 PACS number~s!: 74.25.Gz, 78.30.2j
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I. INTRODUCTION

Sum rules and conservation laws play an important role
physics. In spectroscopy, the conductivity sum rule is p
ticularly useful and is an expression of the conservation
charge.1 In metallic systems, the conductivity sum rule us
ally yields the classical plasma frequency or the effect
number of carriers. In superconductors, below the criti
temperatureTc some fraction of the carriers collapse into t
d(v) function at zero frequency that determines the Lond
penetration depthlL , with a commensurate loss of spectr
weight from low frequencies~below twice the superconduc
ing energy gap 2D). This shift in spectral weight may b
quantified by the application of the conductivity sum rule
the normal and superconducting states, as discussed by
rell, Glover, and Tinkham~the FGT sum rule!,2,3 which is
used to estimate the strength of the superconducting con
saters5c2/lL

2 . The theory of superconductivity describe
by Bardeen, Cooper, and Schrieffer~BCS! holds that while
the kinetic energy of the superconducting state is greater
that of the normal state,4,5 this increase is compensated b
the reduction in potential energy which drives the transit
~the net reduction of energy is simply the condensation
ergy!. However, it has been proposed that in certain ho
doped materials the superconductivity could arise from
lowering of the kinetic rather than the potential energy.6 In
such a system nonlocal transfers of spectral weight resu
the apparent violation of the FGT sum rule, and yield a va
for the strength ofrs that would be too small (lL would be
too large!.6–8 Similar models in the cuprate materials pr
sume either strong coupling,9,10 or that the normal state is no
a Fermi liquid and that superconductivity is driven either
the recovery of frustrated kinetic energy when pairs
formed,11,12 by lowering the in-plane zero-point kineti
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energy,13 or by the condensation of preformed pairs.14

Experimental results along the poorly conducting int
plane (c-axis! direction in several different cuprate materia
support the view that the kinetic energy is reduced below
superconducting transition.15–17 In some materials, the low
frequencyc-axis spectral weight accounts for only half of th
strength of the condensate. However, this violation of
FGT sum rule appears to be restricted to the underdo
materials which display a pseudogap in the conductivity18

The dramatically lower value of the strength of the conde
sate along thec axis makes it easier to observe kinetic ener
contributions. In comparison, the much larger value of
condensate in the copper-oxygen planes makes it much m
difficult to observe changes due to the kinetic energy ba
on optical sum rules.19,20 Recently, high-precision measure
ments in the near-infrared and visible region have repor
small changes in the in-plane spectral weight associated
the onset of superconductivity, supporting the argument
changes in the kinetic energy are indeed occurring.21–23

While the relatively small changes of the in-plane spec
weight make it difficult to make statements about the kine
energy, it is nonetheless a strong motivation to examine
evolution of the spectral weight in detail to see if there a
unexpected signatures of an unconventional mechanism
the superconductivity in this class of materials.

In this paper we examine the changes of the in-pla
spectral weight and the evolution of the superconduct
condensate in the optimally doped and underdoped
twinned YBa2Cu3O61x single crystals for light polarized
perpendicular to the copper-oxygen chains, along thea axis.
The BCS model requires that the spectral weight of the c
densate be fully formed at energies comparable to the en
gap (vc.2D), with no subsequent violation of the FGT su
©2004 The American Physical Society14-1
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rule. This is precisely what is observed for the optima
doped material, within the limits of experimental accura
for the sum rules, which is estimated to be about 5%. Ho
ever, in the underdoped material only 80% of the spec
weight of the condensate has been recovered at ene
comparable to 2D; the FGT sum rule must be extended
considerably higher frequencies to recover the remain
spectral weight (vc*0.6 eV). ForT*Tc , the normal-state
scattering rate is determined to be small, so this shift in sp
tral weight cannot be attributed to dirty-limit effects in r
sponse to impurities. However, the nature of the normal s
is dramatically different in the optimally doped materia
which is reminiscent of a Fermi liquid, and the underdop
material, which develops a pseudogap and displays n
Fermi-liquid behavior. The dramatically different energ
scales required to recover the full value ofrs suggest that
these aspects of the superconductivity are related to
normal-state properties from which it emerges.

II. EXPERIMENT AND SAMPLE PREPARATION

Details of the growth and characterization of the mecha
cally detwinned YBa2Cu3O61x crystals have been prev
ously described in detail24,25 and will be discussed only
briefly. The crystal had a small amount of Ni deliberate
introduced, Cu12xNix , wherex50.0075. Such a small con
centration of Ni results in a critical temperature which
slightly lower (;2 K) than the pure materials, with a som
what broader transition. The same detwinned crystal
been carefully annealed to produce two different oxyg
concentrationsx50.95 (Tc.91 K) and 0.60 (Tc.57 K).
The reflectance for light polarized along thea axis ~perpen-
dicular to the CuO chains, therefore probing only the Cu2
planes! has been measured at a variety of temperatures
a wide frequency range ('40 to 9000 cm21) using an over-
filling technique;26 this reflectance has been extended to v
high frequency (3.53105 cm21) using the data of Basov
et al.27,28 and Romberget al.29 The absolute value of the
reflectance is estimated to be accurate to within 0.2%.
optical properties are calculated from a Kramers-Kro
analysis of the reflectance. The optical conductivity, wh
dealt with the effects of Ni doping on the CuO chains and
reduction of the in-plane anisotropy, has been previou
reported.30 The presence of Ni in such small concentratio
was not observed to have any effect on the conductivity
the CuO2 planes in either the normal or superconducti
states.

III. RESULTS AND DISCUSSION

A. Optical sum rules

Optical sum rules comprise a powerful set of tools
study and characterize the lattice vibrations and electro
properties of solids. The spectral weight may be estimated
a partial sum rule of the conductivity1,31

N~vc!5
120

p E
0

vc
s1~v!dv →

vc→`

vp
2 , ~1!
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wherevp
254pne2/m0 is the classical plasma frequency,n is

the carrier concentration, andm0 is the bare optical mass. In
the absence of bound excitations, this expression is exa
the limit of vc→`. However, any realistic experiment in
volves choosing a low-frequency cutoffvc . When applied to
the Drude model

ẽ~v!5e`2
vp

2

v~v1 iG!
, ~2!

where e` is the contribution from the ionic cores, andG
51/t is the scattering rate, the conductivity sum rule ind
cates that 90% of the spectral weight is recovered forvc
;6G. For even modest choices ofG, vc can be quite large
(.vp). This places some useful constraints on the co
dence limits for the conductivity sum rule in the norm
state.

The conductivity in the superconducting state for any p
larization r has two components5

s1,r
SC~v!5

p

120
rs,rd~v!1s1,r

reg~v!. ~3!

The first part is associated with the superconductingd(v)
function at zero frequency, wherers,r is the superfluid stiff-
ness, or strength of the superconducting order.32 This is often
expressed as the square of a plasma frequencyvpS

2

54pnse
2/mr* , wherens is the density of superconductin

electrons andmr* is the effective mass tensor. The seco
components1,r

reg(v) is referred to as the ‘‘regular’’ compo
nent for v.0 and is associated with the unpaired char
carriers.

A variation of the conductivity sum rule in a superco
ductor is to study the amount of spectral weight that c
lapses into the superconductingd(v) function at the origin
below the critical temperature.5 This scenario is represente
in Fig. 1, which shows the normalized conductivity for
BCS s-wave model for an arbitrary purity level33 where the
scattering rate in the normal state has been chosen aG
52D (2D is the full gap value forT!Tc). The solid line
shows the real part of the optical conductivitys1(v) in the
normal state forT*Tc , while the dashed line is the calcu
lated value fors1(v) in the superconducting state forT
!Tc . For T!Tc the gap is fully formed, and there is n
conductivity for v,2D, above which the onset of absorp
tion occurs. The missing spectral weight represented by
hatched area represents the strength of the condensatevpS

2 .
This area may be estimated by the FGT sum rule2,3

vpS
2 5

120

p E
01

vc
@s1,n~v!2s1,s~v!#dv, ~4!

wheres1,n(v)[s1(v,T*Tc) and s1,s(v)[s1(v,T!Tc).
An alternative method for extracting the superfluid dens
relies on only the real part of the dielectric function. Simp
put, if upon entering the superconducting state forT!Tc it is
assumed that all of the carriers collapse into the condens
then vpS[vp and G→0, so that the form of the dielectric
function in Eq. ~2! becomese1(v)5e`2vpS

2 /v2; in the
4-2
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limit of v→0, rs}vpS
2 52v2e1(v). This is a generic resul

in response to the formation of ad(v) function and is not
model dependent. The value for2v2e1(v) is shown in Fig.
2 for G52D. There is a small dip near 2D ~which becomes
somewhat washed out forG@2D), and the curve converge
cleanly in thev→0 limit. The determination ofrs from
2v2e1(v) has two main advantages:~i! it relies only on the
value ofe1(v) for T!Tc and thus probes just the superflu
response and~ii ! rs is determined in a low-frequency limit

FIG. 1. The real part of the optical conductivity calculated fo
BCS model for a normal-state scattering rate ofG52D. The con-
ductivity in the normal states1(v,T*Tc) is shown by the solid
line ~normalized to unity!, while the conductivity in the supercon
ducting states1(v,T!Tc) is shown by the dashed line. ForT
!Tc the superconducting gap 2D is fully formed and there is no
absorption below this energy. The hatched area illustrates the s
tral weight that has collapsed into the superconductingd(v) func-
tion at the origin.

FIG. 2. The value of2v2e1(v) calculated from the BCS mode
for T!Tc for the normal-state scattering rateG52D ~solid line!;
rs52v2e1(v) in the limit of v→0. Note that there is a sligh
minimum near 2D ~long dashed line!.
02451
which removes the uncertainty of the high-frequency cut
frequencyvc in the FGT sum rule estimates of the conde
sate. We will distinguish between values of the condens
determined from2v2e1(v) asrs , and the FGT sum rule a
vpS

2 . The two techniques should in fact yield the same res
and it is indeed useful to compare the high-frequency e
mates ofvpS

2 with rs .
The rapidity with which the spectral weight of the co

densate is captured by the Ferrell-Glover-Tinkham sum r
is shown in Fig. 3 for three different choices of the norm
state scattering rate relative to the superconducting en
gap. Here the solid line is the conductivity sum rule appli
to s1(v) in the normal state (T*Tc), effectivelyvp

2 , while
the dotted line is the conductivity sum rule forT!Tc , which
yields vp

22vpS
2 . The difference between the two curves

the dashed line, which is simplyvpS
2 . To simplify matters, in

each case the integrals have been normalized with respe
the strength of the fully formed condensaters , to yield a
dimensionless ratio. In Fig. 3~a! the normal state scatterin
rate has been chosen to beG5D/2 ~‘‘clean limit’’ !. It may be

ec-

FIG. 3. The Ferrell-Glover-Tinhkam~FGT! sum rule applied to
a BCS model for a variety of different normal-state scattering ra
The solid line is the conductivity sum rule applied to thes1(v,T
*Tc) @Nn(v)#, while the dotted line is fors1(v,T!Tc) @Ns(v)#;
the dashed line is the difference between the two. The curves h
been normalized to the full weight of the condensaters to yield a
dimensionless ratio.~a! G5D/2, ~b! G52D, and~c! G510D. The
spectral weight transferred from the normal state to the conden
decreases with increasingG, illustrating the trend from the clean- to
dirty-limit case. Even for the largest value ofG chosen, a large
fraction of the condensate is captured by the integral atvc52D
~long-dashed line!.
4-3
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HOMES, DORDEVIC, BONN, LIANG, AND HARDY PHYSICAL REVIEW B69, 024514 ~2004!
observed that nearly all of the spectral weight in the norm
state collapses into the condensate. Furthermore, the con
sate is essentially fully formed above 2D. In Fig. 3~b! the
normal-state scattering rate has been chosen to have a
termediate valueG52D ~the situation depicted in Fig. 1!.
The larger value ofG has the effect of shifting more of th
normal-state spectral weight above 2D, which reduces the
strength of the condensate. However, despite the larger v
for G and the reduced strength of the condensate, it is o
again almost fully formed by 2D. Finally, in Fig. 3~c! a large
normal-state scattering rateG510D is chosen to put the sys
tem into the dirty limit. The large scattering rate broadens
normal-state conductivity and moves a considerable amo
of the spectral weight to high frequency, thus only a re
tively small amount of the spectral weight is transferred
the condensate. Despite this, by 2D almost 60% of the con-
densate has been captured, and by 4D the condensate is al
most fully formed. This demonstrates that with the except
of the dirty limit, the relevant energy scale forvc.2D. This
result is important to the arguments that are to follow.

B. YBa2Cu3O6¿x

The temperature dependence of the optical conducti
of optimally doped YBa2Cu3O6.95 (Tc.91 K) for light po-
larized along thea axis is shown in Fig. 4~a!. The Drude-like
low-frequency conductivity narrows as the temperature
creases from room temperature to just aboveTc ; well below
the superconducting transition the low-frequency conduc
ity has decreased and the missing spectral weight has
lapsed into the condensate. However, an optical gap is
observed and there is a great deal of residual conductivit
low frequency. The conductivity can be reasonably well d
scribed using a ‘‘two-component’’ model,34 with a Drude
component and a number of bound excitations, usually L
entz oscillators. While the low-frequency conductivity is s
isfactorily described by a Drude term, the midinfrared reg
is not and a large number of oscillators are required to rep
duce the conductivity. For this reason, a generalized form
the Drude model is often adopted where the scattering ra
allowed to have a frequency dependence35 ~in order to pre-
serve the Kramers-Kronig relation, the effective mass m
then also have a frequency dependence!. The frequency-
dependent scattering rate has the form36

1

t~v!
5

vp
2

4p
ReF 1

s̃~v!
G . ~5!

The value for the plasma frequency used to scale the exp
sion in Eq.~5! has been estimated using the conductivity s
rule for s1,a(v,T.Tc), using vc.1 eV, which yields a
value forvp,a.16700 cm21, or about 2 eV~Ref. 30!. The
frequency-dependent scattering rate 1/ta(v) is shown in the
inset of Fig. 4~a!, and in the normal state shows a monoton
increase with frequency, and an overall downward shift w
decreasing temperature. BelowTc , there is a strong suppres
sion of 1/ta(v) at low frequency associated with the form
tion of the superconducting gap, with a slight overshoot a
then the recovery of the normal-state value at h
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frequency.37,38 This behavior is characteristic of optimall
doped and overdoped materials.

The behavior of the oxygen-underdoped mater
YBa2Cu3O6.60 (Tc.57 K) for light polarized along thea
axis, shown in Fig. 4~b!, shows some significant difference
from the optimally doped material. The Drude-like condu
tivity at room temperature is extremely broad. However,
T.Tc the Drude-like conductivity has narrowed drama
cally, and there has been a significant shift of spectral we
to low frequencies. ForT!Tc the low frequency conductiv-
ity has decreased, indicating the formation of a condens
However, the effect is not as dramatic as it was in the o
mally doped material, indicating that the strength of the co
densate is not as great. Once again, there is a conside
amount of residual conductivity at low frequency forT
!Tc . The frequency-dependent scattering rate is shown
the inset, along with the estimated value ofvp,a
.13 250 cm21, estimated from the conductivity sum rule
As the temperature decreases in the normal state 1/ta(v)
decreases rapidly at low frequency, which is taken to be e
dence for the formation of a pseudogap.18,36 The large drop
in the normal-state scattering rate for 1/ta(v→0) is a reflec-
tion of the dramatic narrowing of the conductivity and is

FIG. 4. The optical conductivity of~a! optimally doped
YBa2Cu3O6.95 and~b! underdoped YBa2Cu3O6.60 at room tempera-
ture ~solid line!, T*Tc ~dotted line!, andT!Tc ~dashed line! for
light polarized along thea axis. The inset in each panel shows th
frequency dependent scattering rate and the estimated valu
vp,a . The Drude-like conductivity of the optimally doped materi
narrows somewhat in the normal state but the scattering rate sh
no indication of a pseudogap; belowTc a considerable amount o
spectral weight collapses into the condensate. In the underdo
material, the conductivity narrows considerably in the normal st
and the scattering rate indicates the opening of a pseudogap
condensation is less dramatic than in the optimally doped case
4-4
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indication that the reduced doping has not created a la
amount of scattering due to disorder—on this basis, the
tem isnot in the dirty limit.

The superfluid densityrs,a has been estimated from th
response of2v2e1,a(v) in the zero-frequency limit forT
!Tc for the optimally and underdoped materials, shown
Fig. 5. The estimate ofrs,a assumes that the response
e1,a(v) at low frequency is dominated by the condensate,
it has been shown that along thec axis, there is enough
residual conductivity to affecte1,c(v) and thus the values o
rs,c , typically resulting in an overestimate of the strength
the condensate.39,40The presence of residual conductivity fo
T!Tc suggests thatrs,a may be overestimated in this case
well. However, as we noted earlier, the real part of the c
ductivity in the superconducting state may be expressed
regular part due to unpaired carriers, and ad(v) function at
zero frequency; the response ofe2,a

SC(v) is limited to the
d(v) function, which is zero elsewhere. However,e2,a(v)
has been determined experimentally to be nonzero: if
refer to this ase2,a

reg(v), then e1,a
reg(v) may be determined

through the Kramers-Kronig relation, and the superfluid d
sity estimated as40

rs,a~v!5v2@e1,a
SC~v!2e1,a

reg~v!#, ~6!

which should be a constant. This is shown in Fig. 5 at l
frequency as the dotted lines. This method of estimatingrs,a
agrees well with the extrapolated values of2v2e1(v) in the
v→0 limit, and indicates that if there is a correction tors,a
associated with the residual conductivity forT!Tc , then it
is quite small. The estimated values for the condensate

FIG. 5. The function2v2e1,a(v) vs frequency for optimally
doped YBa2Cu3O6.95 ~solid line! and underdoped YBa2Cu3O6.60

~dashed line! along thea axis at.10 K (T!Tc). The superfluid
density isrs52v2e1,a(v→0); taking the squares to render th
units the same as those of a plasma frequency yieldsArs,a58670
690 cm21 and Ars,a55620660 cm21 for the optimally and un-
derdoped materials, respectively. Note also that in both mate
there is a slight suppression of2v2e1,a(v) in the 500
2700 cm21 region, close to the estimated value of 2D0.
02451
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Ars,a58670690 and 5620660 cm21 for the optimally and
underdoped materials, respectively; these estimates ar
good agreement with previous values.30 In both materials
there is a slight suppression of2v2e1(v) in the 500
2700 cm21 region, which is in agreement with estimates f
the superconducting gap maximum 2D0.500 cm21 ~adopt-
ing the notation for ad-wave superconductor! in overdoped
YBa2Cu3O6.99 ~Ref. 41!. Studies of other cuprate system
suggest that the gap maximum increases with decrea
doping,12,42,43despite the reduction ofTc .

The integrated values of the conductivity in the norm
(T*Tc) and superconducting (T!Tc) states are indicated
by the solid @Nn(v)# and dashed@Ns(v)# lines for
YBa2Cu3O6.95 and YBa2Cu3O6.60 along thea axis in the up-
per and lower panels of Fig. 6, respectively. F
YBa2Cu3O6.95, Nn(v) increases rapidly with frequency, bu
does not display any unusual structure. On the other ha
Ns(v) evolves more slowly, and has several inflection poi
at low frequency which are thought to be related to the pe
in the electron-boson spectral function.44 The difference be-
tween the two curvesvpS

2 5Nn(v)2Ns(v) is shown by the
dashed line in Fig. 6~a!. This quantity increases quickly an
then saturates above'800 cm21 to a constant value. this

ls
FIG. 6. The conductivity sum rules applied to~a! optimally

doped YBa2Cu3O6.95 and ~b! underdoped YBa2Cu3O6.95 for light
polarized along thea axis for T*Tc @N(v), solid line# and forT
!Tc @Ns(v), dotted line#; the difference is the estimate of th
strength of the condensate from the Ferrell-Glover-Tinkham s
rule ~dashed line!. The condensate saturates in the upper pane
.800 cm21, while in the lower panel the frequency at which th
full weight of the condensate is recovered seems to be much hig
In the upper panel the magnitudes of the curves are greater tha
the lower panel; a reflection of the decreased carrier concentra
4-5
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plot is reminiscent of the BCS material with moderate sc
tering, discussed in Fig. 3~b!. The sum rules applied to
YBa2Cu3O6.60 shown in Fig. 6~b! are similar to the optimally
doped case. However, the overall magnitude has decreas
reflection of the decreased carrier concentration within
copper-oxygen planes in the underdoped material. While
condensate is also lower, it now appears that it does
saturate as quickly as was the case in the optimally do
material.

A more detailed examination of the evolution of th
weight of the condensate for YBa2Cu3O6.95 ~solid line! and
YBa2Cu3O6.60 ~dotted line!, normalized to the values ofrs,a
determined in Fig. 5, is shown in Fig. 7. The error associa
with the FGT sum rule has been determined in the follow
way. The optical conductivity has been calculated
R(v,T)60.1% forT*Tc andT!Tc , the normal and super
conducting states, respectively. The FGT sum rule is t
applied to the resulting high and low values for the cond
tivity, and the error limits are taken as the deviation from t
curve generated simply fromR(v,T), which are estimated
to be about63%. It should be noted that most of the unce
tainty is introduced when the reflectance is close to unity
s1}1/(12R) and even small uncertainties in the reflectan
can lead to large errors in the optical conductivity. When
FGT sum rule is exhausted, the ratio is unity by definitio
For the optimally doped material, this occurs rapidly a
90% of the spectral weight in the has been recovered
about 500 cm21, and the ratio approaches unity atvc
'800 cm21, and remains constant even out to very hi

FIG. 7. The normalized weight of the condensate@Nn(v)
2Ns(v)#/rs,a for optimally doped YBa2Cu3O6.95 ~solid line! and
underdoped YBa2Cu3O6.60 ~dotted line! along thea axis direction.
The curves describing the condensate have been normalized t
values ofrs,a shown in Fig. 5. The condensate for the optima
doped material has saturated by.800 cm21, while in the under-
doped material the condensate is roughly 80% formed by this
quency, but the other 20% is not recovered until much higher
quencies. The error bars on the curve for the underdoped ma
indicate the uncertainty associated with the FGT sum rule. In
The low-frequency region.
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frequencies~over 0.5 eV!. This rapid formation of the con-
densate has also been observed in the optimally do
materials45,46 La1.85Sr0.15CuO4 (vc.0.05 eV),
Bi2Sr2CaCu2O81d (vc.0.1 eV), as well as in the electron
doped material47 Nd1.85Ce0.15CuO41d (vc.0.06 eV). In all
of these cases the integral saturates and is constant to
0.5 eV. In contrast, only about 80% the spectral weight
underdoped YBa2Cu3O6.60 has formed by 800 cm21; the
90% threshold is not reached until.1800 cm21 and the
remaining spectral weight is recovered only at much hig
frequencies (vc*5000 cm21). In the case of the under
doped material, the plot has only been shown to the po
where the FGT sum rule is recovered. If the plot is extend
to ;1 eV, then the integral will increase to a value abo
'3% over unity, which is within the estimated error for th
FGT sum rule. This slow increase above unity may be
indication of one of two things:~i! vc may be larger than ha
been previously estimated, which would be consistent w
estimates ofvc.2 eV in the underdoped Bi2Sr2CaCu2O81d
materials23 or ~ii ! it is possible that when the sum rule
extended to high frequencies~i.e., of the order of eV! it may
be incorporating temperature-dependent bound excitati
However, the absence of this behavior in the optimally dop
system suggests that such an excitation is restricted to
underdoped materials.

It is tempting to draw an analogy with the BCS dirty-lim
case and argue that the spectral weight in the underdo
material has been pushed to higher frequency in respons
an increase in the normal-state scattering rate. Howe
there are two important points that argue against this in
pretation. First, an examination of scattering rate in the ins
of Fig. 4 for T*Tc indicates that the 1/ta(v→0)
&200 cm21 for both materials. Second, if the conductivity
fitted using a two-component Drude-Lorentz model, then
nature of the low-frequency conductivity places hard co
straints on the width of the Drude peak;48 for T*Tc thenG
.140 cm21 for optimally doped YBa2Cu3O6.95, and G
.100 cm21 for underdoped YBa2Cu3O6.60. In each case,
G,2D0, indicating that whileG may have an unusual tem
perature dependence, close toTc these materials are not i
the dirty limit. Thus, the larger energy scale in the und
doped system has a different origin. While none of the
prate superconductors are truly good metals, it has been
gested that forT*Tc the overdoped materials may resemb
a Fermi liquid.49 The rapid convergence ofrs,a in the opti-
mally doped material is what would be expected in a B
system in which the normal state is a Fermi liquid. On t
other hand, it is recognized that the underdoped materials
bad metals50 and exhibit non-Fermi-liquid behavior, andvc
@2D0 is required to recover the FGT sum rule. The tw
types of behavior observed in the optimal and underdo
materials suggests that the nature of the electronic corr
tions in the normal state play a role in determining the d
ferent aspects of the superconductivity observed in th
materials.19,51

C. Kinetic energy and the sum rule

The unconventional nature of the superconductivity in
cuprate systems has lead to the suggestion that the con

the

e-
-
ial
t:
4-6



th
e

m

ci

a

ic
r

ul
e
t

ire
ld
he

ad
ve
r

-

e-

o

it

es
og
e

g

rg
er

t it
ed

will
ex-

t if

was

ctiv-

me

the
y
-
ht

the
of
als.
the

d
the

to

be-
ials
the

ctiv-
ic

ng
N.
r-
.
was
No.
d-

SUM RULES AND ENERGY SCALES IN THE HIGH- . . . PHYSICAL REVIEW B 69, 024514 ~2004!
sation may be driven by changes in the kinetic rather than
potential energy.6 In such a case the FGT sum rule for th
in-plane conductivity must be modified to take on the for7

rs5
120

p E
01

vc
@s1,n~v!2s1,s~v!#dv

1
e2a2

pc2\2@^2Ts&2^2Tn&#,

[dAl1dAh , ~7!

where the spectral weight has units of cm22, a is the lattice
spacing,T is that part of the in-plane kinetic energy asso
ated with the valence band,7,8 and the subscriptsn ands refer
to T.Tc and T!Tc , respectively.~The expression has
slightly different form for the c axis.52–54! The low-
frequency termdAl is simply the FGT sum rule, whiledAh
corresponds to the high-frequency part of the integral, wh
is in fact the kinetic energy contribution. In a system whe
the kinetic energy plays a prominent role the FGT sum r
may appear to be violated. However, the maximum cond
sation energy for YBa2Cu3O6.95 based on specific hea
measurements55,56 is about 0.2 meV per~in-plane! copper
atom. Assuming that the condensation energy is due ent
to the changes in the in-plane kinetic energy, this yie
dAh'23105 cm22, which represents less than 0.3% of t
spectral weight of the condensate.57 Because of the limited
accuracy of the FGT sum rule no statement may be m
regarding changes in the in-plane kinetic energy. Howe
the general observation that the in-plane sum rule is p
served may have consequences for thec axis.

D. Sum rules along thec axis

The optical properties of YBa2Cu3O61x have been exam
ined in some detail along the poorly conductingc axis.58–61

The optical conductivity~especially in the underdoped mat
rials! is dominated by the unscreened phonons.62,63 Given
that large changes in the phonon spectrum have been
served at low temperature in the underdoped materials,62–66

the application of the FGT sum rule must be treated w
some care; in the studies cited here,16,17 the integral has been
truncated atvc.800 cm21 (0.1 eV). The application of the
FGT sum rule along thec axis has shown that while this sum
rule is not violated in the optimally doped materials, as th
materials become increasingly underdoped and a pseud
has formed, the FGT sum rule is violated to varying degre
with more than 50% of thec-axis spectral weight is missin
at low temperature.16,17 The violation of the FGT sum rule
has been proposed as evidence for a kinetic ene
contribution,52,53 although there have also been other int

*Electronic address: homes@bnl.gov
1D.Y. Smith, in Handbook of Optical Constants of Solids, edited

by E.D. Palik~Academic, New York, 1985!, pp. 35–68.
2R.A. Ferrell and R.E. Glover III, Phys. Rev.109, 1398~1958!.
3M. Tinkham and R.A. Ferrell, Phys. Rev. Lett.2, 331 ~1959!.
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pretations of this phenomena.54,67The implication is that the
missing spectral weight is recovered at high frequency, bu
is unclear at precisely what point this occurs. In underdop
material, if the value forvc5800 cm21 in the optimally
doped materials is used, then the in-plane FGT sum rule
appear to be violated. However, it has been shown that
tending the integral fromvc.800 to*5000 cm21 results in
the recovery of the in-plane sum rule. We speculate tha
the cutoff frequency for the FGT sum rule along thec axis is
increased to the same value where the in-plane sum rule
recovered (vc*5000 cm21) then the spectral weight would
be recovered and thec axis sum rule would yieldrs,c . How-
ever, the general consensus at this time is that the condu
ity data is not yet sufficiently precise along thec axis to
confirm this prediction, so this remains a subject of so
debate.

IV. CONCLUSIONS

In the BCS model the relevant energy scale to recover
strength of the condensaters is the superconducting energ
gap (vc.2D), slightly larger in the dirty-limit case. Con
ductivity and FGT sum rules have been examined for lig
polarized along thea axis direction in the optimally doped
YBa2Cu3O6.95 and underdoped YBa2Cu3O6.60 high-
temperature superconductors to study the evolution of
spectral weight in these materials. Within the sensitivity
the experiment the FGT sum rule is obeyed in both materi
The energy scale required to recover the full strength of
condensate in the optimally doped material isvc
.800 cm21 (.2D0), in good agreement with the predicte
behavior of the BCS model. However, the energy scale in
underdoped materials is much higher,vc*5000 cm21. This
effect cannot be attributed to dirty-limit effects in response
increased normal-state scattering, since forT.Tc , G,2D0
in both materials. The two types of behavior above and
low Tc observed in the optimal and underdoped mater
suggests that the nature of the electronic correlations in
normal state determine the different aspects supercondu
ity in these materials,19 and the degree to which the kinet
energy may play a role.
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